Abstract. We present a bivariate generating function for ζ(2 + r + 2s) which extends a Bailey-Borwein-Bradley Apéry-like formula for even zeta values. Related formulae and finite combinatorial identities proved by WZ method allow us to show three supercongruences.
Introduction
The bivariate formula (−1)
where H n (s) = n j=1 1 j s is the harmonic sum of weight s. The proof of (1) relies on its reduction to the finite combinatorial identity
For more details about Apéry-like series see also [1] , [4] , [6] , [5] . A similar bivariate formula holds (for an equivalent identity see [8] 
where the left-hand side is the generating function of ζ(2 + r + 2s),
Note that for r = 0, (4) 
Again, the proof of the identity (4) can be reduced to show that the following finite identity holds
In [14] [Theorem 4.2] the author established that for any prime p > 5,
Here we improve the first congruence and, by using (3) and (6), we show that the next three congruences, which are related to the second series in (2) and the series in (5), hold for any prime p > 5 ,
The first congruence (9) is known modulo p because by [10] [Section 8] and [11] [Theorem 1.1] for any prime p > 3,
where B n (x) denotes the Bernoulli polynomial of degree n. As regards (10) and (11) 2. Proofs of the generating function (4) and the related combinatorial identity (6) By transforming the right-hand side of (4) by partial fraction decomposition with respect to b 2 , we get
Hence, by inverting the summations, (4) can be written as
It follows that (4) holds as soon as
Using the same approach given in [12] for the proof of (1), the above formula is equivalent to this finite combinatorial identity
Both identities (12) and (13) are implied by the next theorem by setting z = a − 2n.
Theorem 1. For any positive integer n,
and
Proof. As regards (14) , let
. and
.
Then (F, G) is a Wilf-Zeilberger pair, or WZ pair, which means that they satisfy the relation
. We have to show that S n := n k=1 F (n, k) = 2n. Now S 1 = F (1, 1) = 2. Morever,
because F (n, n + 1) = G(n, n + 2) = 0 and G(n, 1) = −2.
In a similar way, for (15), we consider the WZ-pair given by
3. An extension of the supercongruence (7)
We define the multiple harmonic sum as
where n ≥ r > 0 and each s i is a positive integer. The sum s 1 + s 2 + · · · + s r is the weight of the multiple sum. By {s 1 , s 2 , . . . , s j } m we denote the sequence of length mj with m repetitions of (s 1 , s 2 , . . . , s j ).
Theorem 2. For any positive integer n,
Moreover, for any prime p > 3,
Proof. Let us consider the WZ-pair
and we may conclude that (16) holds. Let p > 5 be a prime, then by [14] [Theorem 2.1],
Moreover by [8] [Lemma 3] and [9] [Theorem 4.5],
Therefore, by setting n = p in (16) we obtain the required congruence (17),
4. Proof of the p 3 -congruence (10)
Theorem 3. For any prime p > 5,
Proof. By letting z = 2n in (14) we have
Let n = p > 5 be a prime and move the p-th term of the sum to the right-hand side:
The left-hand side modulo p 5 is congruent to
Moreover, by (20),
Finally, by (17),
where we used (18), 2H p−1 (2, 2) = (H p−1 (2)) 2 − H p−1 (4), and, by [13] [Theorem 5.1 (a)],
and the proof is complete.
5.
Proof of the p 2 -congruence (11)
Theorem 4. For any prime p > 3,
Proof. By letting a = 0 in (3), we get By comparing the coefficient of a 2 in the expansion of both sides of (3) at a = 0 we have Let n = p > 3 be a prime then move to the right-hand side the p-th term of the sum on the left. Thus, the left-hand side modulo p 2 is congruent to
The right-hand side multiplied by p 
and we are left to verify that it is congruent to −p 4 H p−1 (4) modulo p 6 .
